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Abstract 

Assume that one observes the fc-th, 2fe-th, nfe-th value of a Markov chain X-^^h, Xnt,h- That 
means we assume that a high frequency Markov chain runs in the background on a very fine time 
grid but that it is only observed on a coarser grid. This asymptotics reflects a set up occurring in the 
high frequency statistical analysis for financial data where diffusion approximations are used only for 
coarser time scales. In this paper we show that under appropriate conditions the Li-distance between 
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1 Introduction. 



In this paper we consider approximations of the joint distribution of a partially observed Markov chain 
by the law of a discretely observed diffusion. More precisely we consider a Markov chain Xi^h, Xnk,h 
with values at nk time points. This time points are equal to h, 2h, nkh where /i is a time interval that 
converges to zero. We assume that this process is only observed at each fc-th point, i.e. at the time points 
kh, 2kh, nkh. That means we assume that a high frequency Markov chain runs in the background on 
a very fine time grid but that it is only observed on a coarser grid. This asymptotics reflects a set up 
occurring in the high frequency statistical analysis for financial data where diffusion approximations are 
used for coarser time scales. For the finest scale discrete pattern in the price processes become transparent 
that could not be modeled by diffusions. The joint distribution of the observed values of the Markov 
chain is denoted by Ph- We assume that this joint distribution can be approximated by the distribution 
of {Yi , ...,Y*) where ,...,¥* are the values of a diffusion Y on the equidistant grid kh,2kh, ...,nkh, 
i.e. Y{ikh) = Y*. The joint distribution of (Fj*, ■-,¥*) is denoted by Qh- 
In this paper we show that 

\\Ph-Qh\\i^O 

under some regularity conditions if 

n 

This result can be applied to the asymptotic study of Markov experiments {Ph,0 ■ G Q) where 6 is a finite 
or infinite-dimensional parameter set. Suppose that for this family of Markov chains our assumptions 
apply uniformly for 6 G Q. Then one gets that supg^g \\Ph,e — Qh,0\\'>- ~^ where Qh,e is the distribution 
of the discretized limiting diffusion. This implies that the Markov experiment {Ph,e ■ 6 G Q) and the 
diffusion experiment {Qh,e G Q) are asymptotically equivalent in the sense of Le Cam's statistical 
theory of asymptotic equivalence of experiments. Asymptotic equivalence of nonparametric experiments 
has been discussed in a series of papers starting with Brown and Low (f996) and Nussbaum (1996). 
Recent work of nonparametric experiments that converge to diffusions include Milstein and Nussbaum 
(f998), Genon-Catalot, Laredo and Nussbaum (2002), Brown, Wang and Zhao (2003), Wang (2002), 
Dalalyan and Reiss (2006, 2007). Our result justifies approximating diffusion models for high frequency 
financial processes that are observed on a coarser grid. We also outline that the Markov experiment 
and its diffusion approximation differ in first order if n/k does not converge to zero. Then skewness 
properties of the Markov chain do not vanish in first order. For a related paper see Duval and Hoffmann 
(2011). They consider estimation of the intensity of a discretely observed compound Poisson process with 
symmetric Bernoulli jumps. For this model they discuss limit experiments under different assumptions 
on the limit of the difference between neighbored time points. 
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Wc only discuss Markov chains with continuous state space. Tlie distribution of Markov chains witli 
discrete state space cannot be approximated by the distribution of continuous diffusions. For asymptotic 
equivalence of the experiments {Ph,e 9 ^ Q) and {Qh,e 9 d Q) one has to show that there exist Markov 
kernels Kn and L„ with supggg \\KnPh,9 - Qh,eh ~^ and sup^ge \\Ph,e - LnQh,e\\i 0- We expect 
that such results could be shown by using expansions for transition densities of Markov random walks. 
The approach of this paper is based on expansions developed in Konakov and Mammen (2009). The 
latter paper only considers Markov chains with continuous state space. To treat Markov random walks 
their approach has to be carried over to the case of discrete state spaces. 

2 The main result. 

We consider a Markov chain Xi^h in 1^ that runs on very fine time grid and has the following form 



The innovation sequence {^i,h)i^i assumed to satisfy the Markov assumption: the conditional 

distribution of £,i+i,h given the past Xi^h — xi, Xo^h = depends only on the last value Xi^h = xi and 
has a conditional density q{xi, •). The conditional variance corresponding to this density is denoted by 
(T^(x;) and the conditional j/-th order moment by Hvixi). The transition densities of (^r,?i) given {Xi^^) 
are denoted by ph (rh — Ih, xi, •). 

In the following, C denotes a finite strictly positive constant whose meaning may vary from line to 
line. We make the following assumptions. 

(Al) It holds that yq {x, y)dy = for a; e M. 

(A2) There exist positive constants cr* and a* such that the variance cr^ (a;) = y^q {x, y) dy satisfies 



(A3) There exist a positive integer S" > 1 and a real nonnegative function (y) , y e R satisfying 



Xi+x^h = ^i,h + m {Xi^h) h + Vh^i+i^h, Xo,h = xo gR, / = 0, nfc - 1. 



(1) 



< (x) < a* 



for all xeR. 



supygR ^ (y) < DO and \y\^ tp {y) dy < oo with S = 25" + 4 such that 



D:q{x,y)\<i;{y), x,yeR, 0<u<i. 



Moreover, for all x, y e i?, j > 1 
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for a constant C < oo. Here q''^\x,y) denotes the usual j-fold convolution of q for fixed a; as a 
function of y: 

q^^\x,y) = j q^-'^^\x,u)q{x,y — u)du, 

q^^\x,y) = q{x,y). 

Note that the last condition is very weak. It is motivated by (A2) and the classical local limit theorem. 

(A4) The functions m (x) and a (x) and their derivatives up to the order six are continuous and bounded. 
Furthermore, D^a (x) is Holder continuous of order 1. 

(A5) There exists x < \ and a constant C > such that 

c-^k-"" <hk<C. 

The Markov chain Xi ^^ see ([T]), is an approximation to the following stochastic differential equation 
in M : 

dY, ^ m (n) ds + a {¥,) dW„ = .to G M, s G [0, T], (2) 

where (Ws)^>q is the standard Wiener process. The conditional density of Y^, given = a; is denoted by 
p{t — s, X, •). We also write Y{s) for Yg. The joint distribution oiY on the equidistant grid kh, 2kh, nkh 
is denoted by Q^. 

Our main result is stated in the following theorem. 

Theorem 1. Assume (Al)-(A5) and nk^^ — > 0. Then it holds that \\Ph — Qh\\i — > 0. 

Remark 1. Theorem[T]can be generalized to higher dimensions and to the nonhomogenous case. We 
only treat the univariate homogenous case for simplicity. In our proof we make use of the representation 
(HI) from Dacunha-Castelle and Florens-Zmirou (1986) that is only available for the univariate case. For 
multivariate reducible diffusions one can apply the Hermite expansion given in Ai't-Sahalia (2008). 

Remark 2. The assumptions of Theorem [1] allow to apply second order expansions for the transition 
densities of Markov chains that have been developed in Konakov and Mammen (2009). In the proof of 
Theorem[T]we make only use of first order expansions. For this reason the assumptions could be weakened. 
E.g. we expect that one needs only four derivatives in (A4) instead of six. We do not pursue this here 
because we will need the second order expansions for getting the results in the following theorem. 

Theorem 2. Assume (A1)~(A5), nh^^^ — > and nk^^ — > 0, where S > is chosen such that the state- 
ment of Theorem^holds for this choice. Suppose that the third conditional moment fi3{x) of innovations 
of the Markov chain fulfills ^z{x) = 0. Then it holds that \\Ph — 0. 
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Remark 3. This result can be applied to Euler approximations of diffusions and to Markov chains 
with symmetric innovations. For Euler schemes that approximate the joint density of a diffusion at 
points A,2A,...,nA it means that one has to generate Euler approximations of the diffusions at points 
Ak"^ ,2Ak~^ , ...,nA where fc — oo is chosen such that nk^^ and n(A/fc)^(^+*) — > . The joint 
distribution of the Euler values at the points A,2A,...,nA is then the approximation of the joint dis- 
tribution of the diffusion at these points. Under the regularity assumptions of Theorem [2] the Euler 
approximation is consistent. A more detailed discussion of the necessity of the above assumptions on k 
will be given elsewhere. 

We now show that our assumption on the growth of k in Theorem [1] is sharp. For this purpose we 
consider a simple model of Markov chains that converge to a Gaussian process and we show that for this 
case \\Ph — Qh\\i does not converge to zero if the condition on the growth of k in Theorem [T] is not met. 

Theorem 3. Assume (Al)-(A5) for Markov chains with m[x) = 1 and innovation density q{x, •) = q{-) 
not depending on x. We assume that nk~^ — > c for a constant c ^ 0. Furthermore, suppose, that 
fJ^six) = /i3 7^ and that kh ^ 0. Then \\Ph — Qh\\i does not converge to zero. 



3 Proofs. 

The proof of Theorem [T] will be divided into several lemmas. For the proof we will make use of the results 
in Konakov and Mammen (2009) where Edgeworth type expansions of ph were given for nonhomogenous 
Markov chains in R'' for d > 1 . We now restate their main result for one-dimensional homogenous Markov 
chains. To formulate their result we need some additional notation. 
We will use the following differential operators L and L : 

rr,. N 1 2/ .d^fit,x,y) df{t,x,y) 
Lfit,x,y)^-a ix)^^-^+mix)^^, 

fra ^ 1 2/ .d^f{t,x,y) , , df{t,x,y) 

Lf{t,x,y) = -a [y)^-^+m[y)^^. (3) 
We also need the following convolution type binary operation ® : 

f®g{t,x,y)^j du j f {u,x, z) g {t ~ u, z,y) dz. 

We now introduce the following differential operators 

J'i[f]{t,x,y) = ^Dlf{t,x,y), 
F2[f]{t,x,y) = — DJ{t,x,y). 
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The Gaussian transition densities p{t, x, y) are defined as 

We are now in the position to state the Edgeworth type expansion for Markov chain transition densities 
from Konakov and Mammen (2009). 

Theorem 4. (Konakov and Mammen, 2009). Assume (A1)-(A5). Then there exists a constant 5 > 
such that the following expansion holds, uniformly for < i < n — 1 ; 



sup [khf^ 











y~x 








Vkh 





Ph{kh,x,y) - p{kh,x,y) 



-h^/^TTi{kh,x,y) - hTi2{kh,x,y) = 0{h^+^), 
where S'is defined in Assumption (A3) and where 

TTi{t-s,x,y) = {p^ Ti[p]){t - s,x,y), 

TT2it-s,x,y) = {p(g)T2[p]){t- s,x,y)+p(g>Ti[p(g)Ti[p]]{t- s,x,y) 
+ ^P<E){Ll- L^)p{t- s,x,y). 

Here the operator L-i, is defined as L, hut with the coefficients "frozen" at the point x. 

We denote now the signed measure on M" defined by the products of p + /i^/^tti as Q\ and the signed 
measure defined by the products of p + /i^Z-^tti + /i7r2 as Q\. 

Proof of Theorem [H Theorem [1] immediately follows from the following two lemmas. □ 
In all lemmas of this section we make the assumptions of Theorem [TJ 

Lemma 1. It holds that: 

WQh - Qh\\i = o(l) for n -)■ oo. 

Lemma 2. It holds that: 

\\Ph - Q\\\i = o(l) for n->- oo. 

The hard part of these two lemmas is the proof of Lemma [1] For the proof of the two lemmas we will 
use a series of lemmas that are stated and proved now. We will come back to the proofs of Lemmas [J 
and O afterwards. 
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In our proofs we make use of the following representation of transition densities. For the transition 
density p{t — s, x, f ) of the diffusion ([2]) the following formula holds, see formula (3.2) in Dacunha-Castelle 
and Florens-Zmirou (1986) 



p{t-s,x,y) = p{t-s,x,y) 



xEexp 



(t-s) g[zs{S{x),S{y)) + V{t-s)B5]dd 



1 



V2TT{t - s)a{y) 
du 



exp 



{S{y)-S{x)f 



H{y) - H{x) 



p{t- s,x,y) 
S{x) 

/o cr(w) 
for X, y,s,t £ R. 

Note that under our assumptions g is bounded, \g {x)\ < M, and, hence, for t — s < kh 



cr(w)' 

^^""^ m(u) 1 

C{u)du with C{u) = ~ -a'{u) 



Eexp 



(t-s) g[zs{S{x),SiO) + VW^)B5]dS 



< exp[Mkh] < C* 



(4) 



where for < (5 < 1 Bg is a Brownian bridge. Furthermore, for m > we put g{u) = — | (C^(m) + C"(u)) 
and zs(x, y) — [1 ~ S)x + 5y with 



(5) 



(6) 



(7) 



for some constant C* > because of (A5). For the proof of Lemma [T] we make use of the following 
lemmas. 



Lemma 3. For all c > there exists a constant C > such that the following estimates hold for 
< < - s < c 



—p{t-s,x,y) 



dx'^dy'^ 

, ^ 

\ dxdy dx 



d_ 

dx 
d , 

—p{t - s,x,y) 
oy 

(92 

-g^p{t- s,x,y) 
-g^p{t- s,x,y) 
—p{t-s,x,y) 
pit - s,x,y) 



— \pit~s,x,y) 



< C 

< C 

< C 

< C 

< C 

< C 



p{t — s 


x,y) 


Vt- 


- s 


pit - s 


x,y) 


Vt- 


- 8 


p{t - s 


x,y) 


t- 


s 


pit - s 


x,y) 


t- 


s 


pit — s 


x,y) 


it- s 


)3/2 


pit - s 


x,y) 



, f \v — 

(V<^+^^), 

\/t- s 



iVt—s + ^) 

Vt - s 



it-sy 





— s 


\y- 


-x\ 


Vt 


— s 


\y- 


-x\ 


Vt 


— s 


\y- 


-x\ 



^ ^ Pit- s,x,y) f , \y-x\ 



y-x 



y-x 



Vt^ 



(8) 
(9) 
(10) 

(11) 
(12) 

(13) 
(14) 



Proof of Lemma[3j We prove the second, the third and the last inequality. The remaining inequalities 
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can be proved exactly in the same way. From ([5]) we obtain 



exp 



+ 



^27r{t - s)a{y) 



exp 



{S(v)~s{x)Y 

2{t~ s) 

{S{y)-S{x)f 
2{t-s) 



f H{y) - H{x 
H{y) - H{x) 



X H'{y) 



p{t - s,x,y) 



-^p{t- s,x,y) = —p{t-s,x,y) 



d_ 

dy' 



iSjy) - S{x)) 
{t-s)aiy) 

<j(y) {t - s)a{y) 

S{y) - Six) 



(15) 



H'iy)- 



[t - s)a{y) 



+p{t~ s,x,y) 
p{t- s,x,y) 



i^'{y)r - <yy'{y)_ ^ ^.^^^ } <y'{v){S{y) - s{x)) 



cr^iy) 

^'{y) , _ S{y) - S{x 



1 2 



+p{t - s,x,y) 
1 



cr(y) [t - s)a{y) 

'{a'{y)f-aiyy'iy) 



^Hy) 

(Siy) - Six)) a'iy) 



H"{y) 



{t-s)aHy) (t-s) a\y) 

It follows from (fT5|) and (|16p and our assumptions that 
d 



pit - s,x,y) 

oy 

—pit-s,x,y) 



^ ^ Pit-s,x,y) ^^^^ — \Siy)-Six)\ 



< C 



pit - s,x,y) 
t- s 



1 + Vt - s + 



\Siy)-Six)\ 



(16) 

(17) 
(18) 



It is easy to see that 



d_ 

dy 



Eexp 



it-s) g[zs iSix), Siy)) + ./it^Bs]d5 



< Cit- s)Eexp 



it-s) g[zsiSix),Siy)) + ./it^)Bs]dd 







dy 



2 i?exp 



it - s) / g[zs iSix),Siy)) + ^/it^)Bs]d5 
Jo 

1 

2 



< Cit- s)^Eexp 



it - s) / g[zs iSix),Siy)) + ^{t^)Bs]dd 



(19) 



(20) 



The second and the third inequality of the statement of the lemma now follow from our assumptions and 
from Q, 0, (HHl-dlOl). 

It remains to show (|14p . For a proof of this claim note that 



pit- s,x,y) 



\it- s)cjix) 

iSiy)-Six))ia-\x)-a-\y)) 



<^iy) 



+ H'iy)- H\x) + 



t - s 



+ -H"ix) 



a'ix)iSiy)-Six)) 1 a-\x) - a-\y) 



a'^ix) t — s 



cr(x) 



t- s 



Claim follows from our assumptions and (HJ). 
Put 

We will also make use of the following bound: 



□ 



Vh 



P {kh,x,y) ' 



Lemma 4. There exists a constant C such that for x,y £W 



Proof of Lemma [4l Note that by definition of tti: 

rkh r- q3 

6h^^^^Si{x,y)p{kh,x,y) = J du J p {u,x, ^) ^i3{^)—p (kh - u, ^,y) 



kh/2 



du. 



— ^1 + -^2- 



kh 



du. 



kh/2 



(21) 



We now apply the estimates of Lemma [3] to obtain the upper bounds for 5i and ^2 in (EH)- For 
u € [^,kh] we apply two times integrations by parts. From our assumptions on ^3(^) and from ([7]), ([9]) 
and (fTOl) we obtain that 



rkh . Q2 g 

Jkh/2 J C'S C'^ 



< 



kh/ 
kh 

du 

kh/2 
kh 



2 'lPiu,X,0 A*3(C)] 



< c 



du 



kh/2 



p{kh-u,(„y) 



di 



m) - s{x)\ 



p{kh - u,(,y) 

y/kh ^ u 

C f 
< — exp[2Mfc/i] / 
kh Jk, 



\/kh — u + 



du 



\S{y)-S{0\ 



X 1 + Vm + 



kh/2 Vkh -~ u 

m)-s{x)\ 



\/kh — u 
p{u,x,£,)p{kh-u,^,y) 

, \S{y)~S{0\ 



^Jkh- 



VkF 



d^. 



(22) 



For u g [0, ^] we get from ([7]), ([9|) and (fTO)) again by applying integration by parts: 



kh/2 



< c 



du 

kh/2 



d 



[p(u,x,0m3(C)] 



du 



p [kh — u 



p{u,x,Cl 
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\s{i)~s{x)\ 



^p{kh- u,^,y) 



kh- 



u \ 



Vkh' 



\S{y)-Sm 

Vkh — u 



d^ 



C /•kh/2 j- 

- ■^^^Pt^^^'*] J -^J Piu,x,^)p{kh- u,^,y) 



m) - S{x)\ 



1 + Vkh -u + 



\Siy)-sm 

Vkh — u 



d^. 



(23) 
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We now use the following substitution: 



u' ~ kh ~ u, 

kh y/^SiO - Siy)) 



kh- 



u' {S{y)-S{x)) 



kh — u' 



kh 



Note that 



{S{y)-S{x)y 
kh 



{kh - w')'^' K)'^' (kh)-^^^ cj{Odz, 

kh {SiO - Siy)r 
{kh - u') {u') 

ju') {S{y)-S{x)r 
[kh-u') kh 
^(S{0-S{y)){S{y)~S{x)) , {S{y) - S{x)r 



kh 



kh 



(24) 



(SiO-Siy))' , {SiO-Siy)f , JSiO ^ S{y))iSiy) ~ S{x)) 



^ {S{y)-S{x)r 
kh — u' 

{S{0-S{y)f , {S{i)~S{x)f 



From (IMl) and ^ we get that 

l^il < ^exp[2Mfc/i]exp[iJ(y)-i/(x)] / 
kh 



kh — u' 



du' 



kh/2 Vkh - u' 



X cxp 



^27T{kh - u')<j(0 y/2^a{y) 

{S{0-S{x)r {S{y)-S{Or 



2{kh-u') 



2{u') 



(vkh^+^-^^^=m 

V Vkh - u' 



< ^ c::p[2.^f ^^^^^ ' ^^"^^ cxp ( ^^^^^ ' ^^^^^ 
- kh V2Ma{y) \ 2kh 



kh 



du' 



dz I z 

77 



kh/2 Vkh - u' J v27r V 2 
u' \S{y)-S{x)\ 



X 1 + Vm' + 



kh 



kh — u' 



kh 



Vkh 



kh-u'\Siy)-S{x)\ 

kh Vkh ^'^ykh 



C 



kh 



du' 



< jTexp[2Mkh]p{kh,x,y) 

kh 7j.,,/2 Vkh - u' 



/kh 



dz I z 
: exp 



27r ' \ 2 

\S{y)~S{x)\ 



kh 



(25) 



< 



< 



c 

/kh 
c 



exp[2Mkh]p{kh, x, y) 



dz 



\S{y)~S{x)\ 



kh 



p{kh,x,y) 1 + 



\Siy)-Six)\ 



'kh ' \ 
By similar calculations we obtain that 

C 



:p{kh,x,y) 1 + 



\Siy)~S{x)\ 



\/kh' ' V \/kh 

The lemma now follows from our assumptions on a, (|2ip . (pS)) and l|?7)) 
We will also make use of the following bound: 



(26) 

(27) 
□ 



Lemma 5. For any polynomials Pi (x) and Pm{x) of degrees I andm, there exists a constant C , depending 
only on I, m and the coefficients of the polynomials, such that uniformly for w £ [0, kh/A) the following 
inequalities hold 

fkh/4. 



^ u-^/^ j p{u,x,z)Pi(^ 



Z — X 



y- z 



^/klT 



dz du 



< Cv khp{kh — w,x,y) 1 + 



p{kh — w — u, z, y)P„ 

l+m\ 

\/kh — w I 

Proof. These bounds can be easily shown by using the representation ^ and calculations of similar 
convolution integrals for Gaussian densities. □ 
Put 



S2ix,y) = h 



TT2{kh,x,y) 
p{kh,x,y) ' 



We now state a bound for S2{x, y). 



Lemma 6. There exists a constant C such that for x,y £ 



Mx,y)\ < 



C 



\y-x\Y 



Proof of Lemma [6j Note that the function TT2{kh, x, y) can be written as 



Tr2{kh,x,y) = ^3 + ^4, 



where 



kh 



3^3 = X! / '^^ / Pi'^^x,£_)f,{£_)-—-p{kh-u,£_,y)d£_, 



with /4(^) = Ih{£,) — 3(J*{^) and fi{£,),i = 1,2,3, depending on the coefficients of the operator L and 
their derivatives up to the order 2. Furthermore, the term ^4 is defined as 

1 



g3 g3 

o« , p{u,x,C)fJ'3{C)j^7^P{kh-u-w,C,0tJ'3{0j^7\3P{w,^,y)d^dCdudw. 

00 .lu+w<kh;u,w>0 l^S ) lO'sj 



10 



Applying the same arguments as in the proof of Lemma U] we get 

3 ^kh 



E 



du J p{u,x,£,)fi{(,)-^p{kh~' u,£„y)d£, 



For i = 4 we have to estimate the integral 

rkh 



kh 



<-^p{kh,x,y)(l+^y ^' 



With calculations very similar to the ones used in the proof of Lemma |3] we get 



C 



Jkh 



It remains to bound We write 



^4 — 54a + 3^46 + 3^40; 



where 



^4a 



36 
1 



d^* du dw, 



36 
1 

36 



d^ d^* du dw, 



4 = {{u,w,^,C) ■■ u,w,^,C &^iU + w < kh;0 < u;kh/4<w}, 

lb = {{u,w,^,C) ■ u,w,£_,C <^^;u + w < kh;kh/A < u;0 < w < kh/A}, 

Ic = {{u,w,^,C) ^^-^u + w <kh;0<u < kh/4:;0<w < kh/i}. 



(28) 



We now show that for some constant C > 



C 



\Qic\ < —p{kh,x,y) 



1 



\v-x\ 
Vkh 



For this estimate one applies the following bound that follows by partial integration: 
1 



l^-l ^ 36 



(29) 



f d d'^ d 

J I ^' r)A^3(D] (p,i:*-^2(F,i:\2 P^^^ -U-W, T . 0^3 (0 -^pI""^. y)d^ du dw 



The integrand can be bounded with the help of ([5]) , © and (|13p . Because of the bounds of Lemma [5] 
this implies 

To bound 34a we use that: 



36|94a| < 



A.[p{u,x,nf^s{0] 



p{kh-u-w,C A) ^J■3iO 



Q3 

x-^^^p(w,f,y)d^ dC du dw 
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f d d 



■p{w, ^, y)dS, dS,* du dw 



+ 



92 



idem) 



p{w, y)d^ d£,* du dw 



These terms can be easily bounded by using the bounds of Lemma [3l Because of the bounds of Lemma 
[S]this imphes 

C 

1 



|34q| < —p{kh,x,y) 



To get a bound for 94ac we use that by partial integration: 



(30) 



Similarly one shows that 



^ ^ [p{u, X, r)M3(0] ^ [P{kh -U-W,C, 0M3(0] 

94 



c 



X , „ . p{w, ^, d^* 



|546| < —p{kh,x,y) 



1 



(31) 
□ 



The statement of Lemma [6] follows now from ^E^l, dSQ]), ([SI]) and (|29ll . 
Lemma 7. Ptti A.; = di{Y{{i — l)kh), Y{ikh)). Then we have for all p>\ that under Qh 

sup EqJA,\p < Cpk-P^^ 

l<i<n 

for some constants Cp depending on p. 

Proof of Lemma \7\ This lemma directly follows from Lemma S] and the representation Q . Using 
these results the moments of Aj can be easily bounded by Gaussian moments. □ 
Lemma [7] implies that for all p > under Qh 

sup |A,| = Op{k-^^^nP). 

l<i<n 

This bound would suffice for our purposes but for completeness we state the following sharper bound 
that follows (from our Lemma |4] and) from Theorem 1 in Fischer and Nappo (2010), where bounds for 
moments for the modulus of continuity of diffusions are given. 

Lemma 8. We have that under Qh that 

sup \A,\^Op{k-'/^{lognf/^). 

l<i<n 



12 



We now state a result on the order of sums of A/s. 



Lemma 9. Under Qh it holds that 



Proof of Lemma [9l We have that EQ^[AiAj] = for i j because the definition of imphes that 
Eq,^ [A,\Yj : j <i-l]=0. Thus it holds 



Eq, [(^ A,)^] = ^ Eq, [{A,f] = 0{n fc-i). 



4=1 



i=l 



This follows from Lemma [71 



□ 



Put A„ = {{Y{kh),...,Y{nkh)) : supi<,<„ |A,| < r„yf , \ Y:7=l^^\ < ^n^}, where t„ cx) with 



Then we get from Lemmas [SHS] that 



Qh (An) I. 



(32) 



For the proof of Lemma [T] wc need the following additional simple lemma. 



Lemma 10. Consider the set Bn = e M" : \xi\ < Tn^/j for i ~ 1, ...,n; \ ^ ''"V^l 

where Tn — >■ oo with Tn^/r — > 0.. Then it holds that 



sup 



i=l 



for n — > oo. 



The next lemma states that the expansion (15^ also holds under the measure Q\. 
Lemma 11. It holds that 



Proof of Lemma llll By application of Lemma [TU] we get that 



\\Qi\ (A^) - Qh iA^)\ < j I{An)\dQl-dQu\ 



1 -[](! + A.) 



i=l 



I{An)dQH 



oil). 



This implies the statement of the lemma because of 



□ 
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We now prove Lemma [TJ 



Proof of Lemma [TJ We have that 

WQi-QhWi = Eq, 



n 



0(1), 



because of ([5^ and Lemma [TTl Now the lemma follows from Lemma [TUl □ 

It remains to prove Lemma [5] 

Proof of Lemma [2l We can write Ph = Ph,i x . . . x P^^n and Qh — Qhi-^-'-^Qkn where Ph,j, 
Q\ J are suitably defined (signed) Markov kernels. By using a telescope argument we get with constants 
C*,C** > that for n large enough 



< 



\ph{kh, X, zi) X ... X ph{kh, z„_i, z„) 

— {p + h^^^Tri){kh, X, zi) x ... x (p + h^/'^iii){kh, z„_i, z„) 
{ph-p - h^^^TTi){kh, X, zi) 



dzi...dz„ 



< 



C* 



Phikh,zi,Z2) X ... X ph{kh, Zn-i, Zn)dzi...dz„ 
+ J \p + h'^^^TTi\{kh,x,zi) {ph- p - h^/'^TTi){kh,zi,Z2) 

Xphikh, Z2, Z-i) X ... X Ph{kh, Zn-l, Zn)dzi...dZn 
+ ...+ j \p+h^''^1Tl\{kh,X,Zi)x ...x\p+h^''^T:i\{kh,Zn-2,Zn-l) 

X |(p?i -P- /i"^^^7i'i)(fc/i, z„_i,z„) dzi...dzn 

n-1 



< n—Er 



.1=1 



n—\\Ql\\i < n—{l + o(l)) < = o{l),n^ oo, 



where we used that 



sup 



{Ph~P ~ h^^^TTi){kh, X, z) 



C* 

dz< — 
k 



(33) 



for some constant C* > 0. For the proof of the lemma it remains to check this inequality. 
From Theorem [4] we get that the left hand side of the inequality can be bounded by: 

/ o'\ -1 



sup / \hT:2{kh,x,z)\dz + 0{h^+^) sup / {kh)-^'"^ 1 + 



dz. 



(34) 
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According to Assumption (A5) hk is bounded. Thus the second term in (|34p is of order 0{h^^^) 

0{{hkY+^k-^-^) = o{k-^-^) = 0{k-^). 

For the first term we have the fohowing bound from Lemma |6l 

\z — x\\'^ 



0{k ^) sup / p{kh,x,z) 



1 + 



dz. 



Now, the second factor of this bound is of order 0(1) because of jl]). Thus the bound is of order 0{k 
This shows claim p3p and concludes the proof of the lemma. □ 



Proof of Theorem [2l It's enough to prove that 



\Qh - Q^ll^ -> 0, rn- oo 



and 



(35) 



(36) 



\\Ph-Ql\\,<Cnh^+' 

Claim (1361) can be shown with arguments similar to the ones used in the proof of Lemma [5] Instead 
of the bound [34] one now uses the expansion of Theorem |4l 

The proof of ^ is close to the proof of Lemma[Tl With Af ^ = S2iY{{i - l)kh), Y{ikh)) we obtain 
as it was done before 



sup E 

l<i<n 



.(2) 



< Cpk ^, 



sup A 

l<i<ri I 



(2) 



(2) 



= Op{k-\logny/^), 



(37) 
(38) 

(39) 



and the assertion of Theorem [5] follows with the same arguments as used in the proof of Theorem [T] □ 



Proof of Theorem [3j Without loss of generality we assume that J x'^q{x) dx — 1. Suppose that 
\\Ph — Qh\\i does converge to zero. This implies that the loglikelihood \og{dPh/ dQh) converges to zero 
in Qh-probability. Thus we have that 

n 

^log(l + A, + Af)) ^ 0. 

i=l 

Note that the bounds (p7| -p9 p remain valid under the assumptions of Theorem[3l We now apply Lemma 
IHland ([55]) . With a Taylor expansion of the logarithm we get from the last expression that 



EA.-iA,^ + Af)^^0. 



i=l 
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Because of ([55)) this shows that 



f]A.-lA?^^0. (40) 



We will show that under Qh 



Y,/^AN{p.,a^) (41) 

i=l 



with cr^ = 22c/i| > where c is the limit of n/k. Note that PT|) contradicts ([M)) because these two limit 
statements would imply that 

i=l 

This is not possible because non negative random variables cannot converge in distribution to a normal 
limit with strictly positive variance. Thus for the statement of the theorem it remains to prove (1411) . 

For the proof of (1411) we will use a martingale central limit theorem for the martingale X]j=i with 
cr-field Th,i = a{Y{0),Y{kh),...,Y{ikh)). According to Theorem 3.2 in Hall and Heyde (1980) we have 
for (jH]) to check that 

n 

EiAjlJ'h.^-i] (j^, in probablity, (42) 

1=1 

max Af 0, in probablity, (43) 

l<i<n 

E[ max A2] = 0(1). (44) 

l<i<n 

Claims (|33])-(|13]) follow directly from Lemmas [THS] Here, for the proof of (H^ one can use the simple 
bound maxi<i<„ Af < ^1- Thus for the statement of the theorem it only remains to prove (H^ . 

For the limiting diffusion Yg we get that dYg = ds + dWg. For this case it holds that p{s,t,x,y) = 
p{s, t, X, y) — {2TT{t — s))^^/^ exp(— (y — x — {t — s))^(2(t — s))~^). We now give an estimate for 

6h^^^^5i{x,y)p{kh,x,y) = fi3 du p{u,x,£,)—rTp{kh - u,^,y) d^. (45) 



^0 J 

Calculations close to the proof of (IT4|) give the following estimate with a constant C > 0: 



d^p{t,x,y) d^p{t,x,y) 



^ Cp{t,x,y) ( 



y-x 



dx^ dy-^ 
Using this estimate in (j45|) we obtain 

6h~^^^5i{x,y)p{kh,x,y) = I{x,y) + II{x,y) 
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where 



kh 



g3 rkh . 



-fJ-3- 



dy^ 
p{kh,x,y) 



-lJ-3kh—p{kh,x,y) 



kh 



kh- 



y-x 



-,3'-^^Q3\^kh- 



kh 



'kh 

y-x 



'kh^ 



y-x 



kh 



y-x 



(46) 



with Q3{z) — — — z. For the term I{x,y) we have the following bound with a (new) constant 
C > 0: 



\I{x,y)\<C du 



kh 



p{u,x,^)p{kh ~ u,^,y) 
\/kh — u 



1 



y-x 



Vkh^' 



dt 



Using the same substitution as in the proof of Lemma 2] we obtain the following estimate 

y-x 



\Iix,y)\<CVkh p{kh,x,y)P3 

for a polynomial Psiz) of degree 3 with positive coefficients. Put now 

/ii/2/(y((i - l)kh),Y{ikh)) 



(47) 



^2. 



6p{kh,Y{{i - l)kh),Y{ikh))' 
h^/^II{Y((i - l)kh),Y{ikh)) 
6p{kh,Y{{i- l)kh),Y{ikh)) ■ 



We will show that 



^£;[A? ^ 0, in probablity, 

1=1 

n 

E[Al jTh,i-i] cr^- m probablity, 



(48) 
(49) 



Because of — Ai ^ + A2,i this shows (H^ . 

We get from P?]) with a new constant C > that 



E[Al^\J^h^,^i] < Ckh^ E 



P3 



Y{ikh)~Y{{i-l)kh) 



kh 







r 


J'h.i-l 



(50) 



Conditionally given Th,i-i, iYiikh) — Y{{i — l)kh)) / \/kh has a normal distribution with mean \'kh 
and variance 1. Because of fc/i — )• (by assumption), we get that the expectation on the right hand side 
of ([50l) is uniformly bounded, for 1 < i < n,n > 1. Furthermore, we have that nkh^ — {n/k){khY — > 0. 
Thus (inni) implies (gH]). 
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It remains to check ([^^ . For the proof of this claim we apply the explicit expression (|46l) and we get 



that 



1=1 

n 9 1 



03 Vkh 



Y{ikh) -Y({i-l)kh) 



kh 



= 22 



Now, because of n/k — )■ c, we get that the right hand side of this equation converges to cr^. This concludes 
the proof. □ 
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